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Algebraic Approach to Constraint Satisfaction Problems
Our Work
Bulatov, Jeavons, and Krohkin
discovered that for each CSP, there 
exists a corresponding algebra. The 
CSP-dichotomy conjecture was then 
rephrased as a universal algebra 
problem.
One class of algebras for which 
tractability has not been completely 
classified is the so-called 
commutative idempotent binars or 
CIBs.
Barto and Kozik proved a connection 
between the tractability of an algebra 
and a property called “absorption.”
Formal definition
A subalgebra B of A is said to be 
absorbing in A with respect to a term 
operation t if for all 1 ≤ j ≤ k and for 
all (b1,…,bj-1,a,bj+1,…,bk) in 
Bj-1 x A x Bk-j
we have t(b1,…,bj-1,a,bj+1,…,bk) in 
B.
An algebra with no proper absorbing 
subalgebras is said to be absorption-
free.
My goal was to find examples of both 
absorption-free algebras and 
algebras with absorbing term 
operations in the set of all 4-element 
CIBs not already known to be 
tractable.
Techniques
The algebra A, shown below, is an 
example of a 4-element CIB.
Methods for deciding absorption 
(some of them new):
• Suppose B is a proper subalgebra
of A, and C is a proper subalgebra
of B. If C is absorbing in A, then C
is absorbing in B.
• Every finite abelian algebra is 
absorption-free.
• If B is absorbing in A, if s is a sink 
for a subalgebra C of A, and if B ∩ 
C is not empty, then s is in B.
• Let B and C be subalgebras of a 
finite idenmpotent algebra A. 
Suppose B is absorbing in A, and 
suppose D = B ∩ C is not empty. 
Then the restriction of t to C is an 
absorbing term operation for D in 
C, whence D is absorbing in C.
If I was not able to rule out the 
possibility of a certain subalgebra
being absorbing in an algebra A
using these rules, then I was always 
able to find an appropriate absorbing 
term operation.
Results
From the list of 4-element CIBs 
whose tractability is unknown, I was 
able to determine which are 
absorption-free.
Moreover, I determined the absorbing 
subalgebra of each 4-element CIB 
that is not absorption-free.
The algebras whose tractability is 
unknown have one of the following 
two forms:
Let A be an algebra of the form
Then we have
Let A be an algebra of the form
with a3 ≠ 1. Then 
• a1,a2 ≠ 1 implies {0.2.3} is the 
unique absorbing subalgebra of A.
• a1 = 1 or a2 = 1 implies A is 
absorption-free
To summarize, we now have a 
complete characterization of 
absorption for all interesting 4-
element CIBs, and this brings us 
closer to a complete
characterization the complexity of all 
4-element CIBs and their
corresponding CSPs.
Background
The “P versus NP Problem” asks if 
every problem whose solution can be 
quickly verified can also be quickly 
solved by a computer. It is one of the 
$1,000,000 Millennium Prize 
Problems selected by the Clay 
Mathematics Institute.
A constraint satisfaction problem 
(CSP) asks for an assignment of 
appropriate values to a set of 
variables subject to a given set of 
constraints.
Richard Ladner showed that if P ≠ 
NP, then there are problems in NP 
that are neither in P nor NP-
complete. The “CSP-dichotomy 
conjecture” of Feder and Vardi states 
that no CSP falls into one of these 
intermediate complexity classes. 
We would like to prove this 
conjecture for as many classes of 
CSPs as possible and discover how 
to determine exactly when a CSP 
falls into P and when it does not.
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NP: The class of all problems whose solutions can 
be checked in polynomial time by a computer. 
P: The class of all problems that can be solved in 
polynomial time by a computer.. 
◦ 0 1 2 3
0 0 a1 a2 a3
1 a1 1 3 2
2 a2 3 2 1
3 a3 2 1 3
Graph coloring is an 
example of a CSP.
Yes No
Yes Absorption-
free
{0} is the 
only 
possible 
absorbing
subalgebra
No {1.2.3} is the 
only 
absorbing 
subalgebra.
{1.2.3} is the 
only 
absorbing 
subalgebra.
aj = 0 for
j = 1,2,or 3
ai = i for
i = 1,2,or 3
◦ 0 1 2 3
0 0 0 3 2
1 0 1 a1 a2
2 3 a1 2 a3
3 2 a2 a3 3
The CSP-dichotomy 
conjecture has already 
been proven for 
several classes of 
CSPs.
◦ 0 1 2 3
0 0 0 2 1
1 0 1 3 2
2 2 3 2 1
3 1 2 1 3
A Hasse
diagram of the 
subalgebras of 
our example 
algebra A
